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Abstract
We have been constructing and investigating multistable corrugated shell structures.

The multistability arises from the interaction between internal prestresses created during
forming and non-linear geometrical changes during deformation. Using a simplified ana-
lytical elastic model, we homogenise the properties of the shells through simultaneously
considering the material on two scales: the ‘local’ scale of the isotropic material and the
‘global’ scale of the corrugated sheet, which is then modelled as an equivalent smooth
sheet with anisotropic properties. This model is applied to simulate two modes of bista-
bility observed in prototypes: first, prestressed corrugated shells which, when buckled,
can coil up into a tube repeatably and reversibly and, second, corrugated sheets with a
symmetry-breaking ‘twisting’ curvature. The model gives an intuitive understanding of
the behaviour, and has enabled us to understand forming processes that give the behaviour
we wish, including tristable shells which combine both bistable modes.

1 Introduction

Figure 1.1 shows a simple bistable corrugated shell, originally conceived by the second author.
It is made of an isotropic Copper-Beryllium (CuBe) alloy. One stable state, Fig. 1.1a, is a
globally flat corrugated sheet which is not unstressed, for residual bending stresses attempt to
coil the sheet. If part of the shell is manually flattened across the corrugations, these stresses
are ‘released’, and the sheet coils up rapidly into the state in Fig. 1.1b. The shell can be
repeatably and reversibly ‘snapped’ between the two states, and at no point is the deformation
plastic. This coiling/uncoiling will be referred to as the ‘Mode I’ bistability.

During the making of these shells, we noticed also that most prototypes exhibited an un-
expected ‘twisting’ bistability in their corrugated form, making the sheets tristable, with no
completely flat mode. This is shown in Fig. 1.2. The original single, flat corrugated mode has
now split into two corrugated modes of equal global curvature, which are symmetrical about
the axis of the corrugations. This twisting mode will be referred to as the ‘Mode II’ bistability.
Where both modes are present, the shell is tristable with two twisted states and one coiled
state: this is referred to as ‘Mode III’ behaviour. In all of this behaviour, the ‘mid-surface’ of
the corrugated shells appears to have a uniform, developable curvature, and this assumption
underpins the analysis in this paper. We create a simplified theoretical analysis based on simple
underlying principles, and use this to explain the presence and behaviour of Modes I, II and III.
Our model provides guidance on the forming processes to give shells that exhibit a particular
behaviour.
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(a) The corrugated flat sheet (b) The ‘coiled’ mode

Figure 1.1: A typical shell exhibiting the ‘Mode I’ bistability, constructed from a conventional
isotropic metal alloy (in this case, Copper-Beryllium). A bending prestress is held in equilib-
rium by the moment arm of the membrane stresses in the corrugated sheet (left): when the
corrugations are elastically flattened, the prestresses are released and the sheet coils up.

(a) One of the stable ‘twisted’ corru-
gated forms.

(b) The 2nd ‘twisted’ position, symmet-
ric with the 1st about the corrugation
axis.

Figure 1.2: The two ‘twisted’ corrugated stable states of the ‘Mode II’ bistability. These
Mode II stable states are in fact a cylindrical curvature of the corrugated sheet about an axis
not aligned with the corrugations. When combined with Mode I, a tristable shell arises, referred
to as ‘Mode III’.

1.1 Motivation and background

Conventional structures are designed to maintain a single shape throughout their design life.
Where a machine has to move to fulfil its function, we commonly see a series of such structures
connected by hinges, linkages, sliders, bearings &c., both to provide and to constrain the
degrees of freedom, then being directed by actuators, resulting in a complex system, requiring
lubrication and maintenance.

‘Compliant’ structures are structures which undergo large deformations within their working
life, typically remaining within the elastic limits of the material. Thus, they can undergo large
changes of shape without hinges or mechanisms. If such a structure is also ‘multistable’, it
can ‘lock’ into various shapes, giving the potential for large improvements in cost, weight,
complexity, reliability and lifespan. Specifically, a corrugated shell structure can combine light
weight with high strength, offering a wide scope for the designer to tailor the stiffness properties
to the required behaviour.

Multistability has been observed in composite shells which are formed flat, but then distort
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as they are allowed to cool [1]. Cylindrical bistable shells, with two distinct shapes, have
been studied by Kebadze & al.[2] and Guest & Pellegrino [3]. These simple structures tend
to have low stiffness, with a low energy penalty for slight changes in curvature magnitude and
direction: they have a simple uniform cylindrical curvature, whereas the corrugated shells here
have a more complex shape and, hence, are potentially more useful than the former; specifically,
they produce anisotropic effects through corrugation profiles, rather than through the use of
anisotropic materials, as in Guest & Pellegrino [3].

1.2 Approach to manufacture and analysis

The shells here are multistable because, in any given configuration, there are significant residual
stresses, which are constrained by geometric effects. When the shells are deformed in certain
ways, these prestresses are ‘released’, leading to a dramatic change of shape as these stresses
drive the rest of the transformation.

In prototypes, these stresses are deliberately caused during manufacture; the shell is plas-
tically coiled, then elastically flattened in order to exert a bending stress throughout the shell,
and finally plastically corrugated, which prevents the shell from coiling back up. These two
processes can be reversed in order. A material is required with sufficient hardness and ductility
that the second working stage does not eradicate the stresses from the first; steels are suitable,
but Copper-Beryllium alloy has been used here, due to the ease with which it can be hardened.

The layout of the paper is as follows. Section 2 develops an analytical model to simulate the
general observed behaviour of the prototype shells. Section 3 then applies appropriate initial
conditions and limits on deformation to predict and explain the three modes of multistability in
terms of the principles upon which the analytical model of Section 2 is based. Finally, Section
4 presents conclusions and the new directions which this work provides. A full nomenclature is
presented in Table 1.1.

2 Theoretical analysis

This section sees the development of a simplified model that separates the curvature of the shell
into the ‘global’ or average curvature of the shell and the ‘local’ curvature of the corrugations
themselves, which are assumed to be uniformly curved upwards or downwards.

The interaction of these two curvatures causes the shell to have local double curvature,
so that during deformation, in addition to bending strains, there are significant stretching
strains. However, a simple trick enables us to expedite simply the consideration of stretching:
the stiffness of the shell, in so far as it interacts with the global curvature, is modified to
the anisotropic stiffness of the mid-surface of a corrugated shell. These effective mid-surface
properties of a corrugated shell have a greatly increased bending stiffness in the direction of
the corrugations relative to the local shell, and this increased stiffness accounts exactly for
the stretching stresses. Note that the stiffness is actually orthotropic but the principle holds
generally.

In this process, some of these ‘global’ properties will depend on the local effects. The
separation of these two scales gives the model its simplicity, and by attempting to capture
the behaviour with a minimum complexity, we hope to infer meaningful insights on how they
operate, without recourse to computational simulations.
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Nomenclature

θ Angle (degrees ◦)
κ Curvature (m−1)
λ Corrugation wavelength (m)
ν Poisson’s ratio
σ Stress
a Height of the corrugation above the mid-plane of the sheet at a point
c Corrugation curvature (m−1)
k Global shell curvature (m−1)
t Local shell thickness
w Absolute local out-of-plane distortion of the shell
D Bending stiffness (N m)
E Young’s Modulus (N m−2)
M Bending moment per unit length (N)
U Energy per unit area relative to an initial state (N m−1)

Subscripts, superscripts and operators

() Mean average over the material area/length
()0 Initial state
()E Value at an equilibrium point
()M Value at a local energy minimum (i.e. a stable point)
()P Value at full plasticity
()Y Value at yield
δ A small incremental change
∆ Change relative to a predefined initial state

Dimensionless groups for Sections 3.1 and 3.3

ĉ0 c0t
β c/c0

k̂ k/c0

M̂ −M/Dc0

Û U/1
2
Dc2

0

Dimensionless groups for Section 3.2

ǩ k/k0

M̌ −M/Dk0

Ǔ U/1
2
Dk2

0

Table 1.1: Nomenclature
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Figure 2.1: An intrinsic coordinate system is used, whereby z is always normal to the shell
surface and x and y lie in the centreplane of the shell (and therefore vary in space), such that
local z-direction displacement w and its first-order spatial derivatives must be zero, as outlined
in Calladine [4]. The second-order spatial derivatives of w with respect to x and y give the shell
curvature.

2.1 Curvature

The curvature of the shell is defined as follows:

κxx = −∂2w

∂x2
κyy = −∂2w

∂y2
κxy = − ∂2w

∂x∂y
(2.1)

where x, y and z are a right-handed intrinsic coordinate system. Being intrinsic, this coordinate
system varies over the shell such that x and y lie in the plane of the shell at any point, as in
Calladine [4], see Fig. 2.1. w denotes the displacement of the shell from the local x-y plane in
the z direction, and the basis vectors vary over the shell such that only second- and higher-order
spatial derivatives of w with respect to x and y are non-zero. These equations are derived with
the assumption that the material is thin relative to the radii of these curvatures and, given that
this is true, this definition is valid for large deflections. While, in Section 2.2, the stiffness of
the mid-surface of the shell is considered for reasons elucidated above, the curvatures of Eqn
2.1 are in all cases local curvatures.

The shell curvature and shell bending moment vectors are defined as

κ =

 κxx

κyy

2κxy

 M =

 Mxx

Myy

Mxy

 (2.2)

where the x direction is aligned to the corrugations throughout.
A positive shell bending moment is defined such that the incremental increase, δU , in the

stored strain energy due to the work done by moment, M , over an incremental change in
curvature, δκ, is given by

δU = MTδκ (2.3)

The ‘sense’ of a curvature refers to its sign: when two curvatures are in the ‘same’ sense, they
are both positive or both negative in the z plane, and when they are in the ‘opposite’ sense, one
is positive and the other negative. Note that this says nothing about their relative directions
in the x-y plane, but one physical interpretation is that the centres of their curvature lie above
or below the shell.

2.2 Stiffness

The shell material is assumed to be linearly elastic and to obey Hooke’s law with a Young’s
modulus, E, and Poisson’s ratio, ν. Furthermore, it is assumed that the shell can be modelled
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as being thin, leading to assumptions that, in bending, plane sections remain plane, shear
stresses in the z-direction are negligible, and through-thickness stresses are zero.

The generalised Hooke’s law for the bending of an isotropic shell is given by Calladine [4],
where ∆ denotes the change from an initial state: ∆Mxx

∆Myy

∆Mxy

 = ∆M = D∆κ = D

 1 ν 0
ν 1 0
0 0 1

2
(1− ν)

 ∆κxx

∆κyy

2∆κxy

 (2.4)

where D is the flexural rigidity, defined by

D =
Et3

12(1− ν2)
(2.5)

We now consider the stiffness of the corrugated sheet. Modelling the detail of the shell within
the corrugations can be complex, but the goal here is to derive a simplified model involving
the properties of the mid-surface of the corrugated shell. While the corrugations clearly have
a large effect on the bending stiffness in the direction of the corrugations, the effect on other
stiffness terms is much smaller; in fact, we neglect these terms altogether. Thus, defining our
axes so that the x direction is aligned to the axis of the corrugations, we assume the bending
stiffness of the corrugated sheet in the y direction to be the same as the local value, D. In
addition, the global twisting stiffness takes the local value, 1

2
(1−ν)D, and the Poisson coupling

of curvature in the x and y directions remains at νD, as for the isotropic sheet. Only the
bending stiffness along the corrugations is affected by the presence of the corrugations, and
the local stiffness in that direction, D, is augmented by the moment-arm of the material about
the central plane, giving an additional stiffness αD, where α is a function of the shape of the
corrugations. This gives a new stiffness matrix

D =

 (1 + α)D νD 0
νD D 0
0 0 1

2
(1− ν)D

 (2.6)

Our basic assumption is only valid if the global homogenised sheet is developable, i.e. singly
curved; any double curvature, or non-zero Gaussian curvature, would lead to stretching across
the corrugations, which in turn has a significant effect on bending stiffnesses, and we would
then need to couple bending with stretching in a strongly non-linear fashion. Note that α is a
variable during Mode I deformation as the corrugations flatten. This flattening of corrugations
affects energy on a local scale within the corrugations, where the material is isotropic, and
described by Eqn 2.4. This is pursued further in the coming section.

2.3 Energy

The study of the behaviour of multistable structures involves finding stable equilibria, specifi-
cally:

(i) for equilibrium, the local energy gradient, given by partial derivatives of total energy with
respect to any shape factors, must be zero, and;

(ii) for stability, the stiffness matrix must be positive definite at that point, i.e. the structure
must have positive stiffness in all modes of deformation away from the equilibrium shape.

Equilibria that do not fulfil the second criteria perform in one of three ways: either
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(i) all second-order derivatives are zero or negative: these are unstable points, and the struc-
ture may deform in any direction;

(ii) there are some negative second-order derivatives and some positive, so that the shape is
unstable only in one direction, and stable in orthogonal directions; or

(iii) at least one second derivative is zero and none are negative, and the structure locally has
zero stiffness: this is metastable behaviour.

These can all be found analytically, however, another method explores graphically the energy
space around the equilibrium points, provided the number of independent variables is small: a
stable state is then a minimum, while (i)-(iii) are maxima, saddle points and troughs respec-
tively.

If we define the change in curvature to be ∆κ = κ − κ0, where subscript ‘0’ denotes the
initial state, the elastic strain energy density at a given point for a given state is the integral
of the work done, MTδκ, over deformation from the initial state to that state. Therefore, the
energy density U relative to the initial state (κ0, M 0), where M 0 is the shell’s stress state in
its initial configuration, i.e. its ‘prestress’, is

U =

∫ κ0+∆κ

κ0

MTdκ (2.7)

=

∫ κ0+∆κ

κ0

[
(κ− κ0)

T DT + MT
0

]
dκ (2.8)

Noting that DT = D and integrating,

U =
1

2
∆κTD∆κ + MT

0 ∆κ (2.9)

This result and its derivation can also be found in Kebadze & al. [2].

2.4 Combining the local and global scales

We now divide the curvature of the corrugated shell into two components; the ‘global’ curvature
vector, denoted by k, and the corrugation curvature, c. k is the average curvature of the shell
whilst c is the local variation away from k due to the corrugations themselves and so must
average to zero over the sheet. The sum of these two curvatures is inserted into the strain
energy density equation, Eqn 2.9, as outlined as follows.

Following Section 2.2, only the global curvature k is married to the additional stiffness αD.
Since αD corresponds to the axis of the corrugations, it is perpendicular to the corrugation
curvatures, which do not vary along the corrugations, and thus the only non-zero component
of c is cyy = c(y).

Furthermore, due to the assumption of inextensional behaviour, the global sheet is limited
to a developable curvature, which is approximately uniform across the shell from observation.
This curvature has some magnitude k in a direction making an angle θ to the x axis, as shown
in Fig. 2.2, and k and θ are both constant over the shell. The global shell curvatures are then
derived from a Mohr’s circle of curvature, as in Guest & Pellegrino [3], to be

kxx =
1

2
k(1 + cos 2θ) kyy =

1

2
k(1− cos 2θ) kxy = −1

2
k sin 2θ (2.10)
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Figure 2.2: Definitions of the global cylindrical curvature k and its angle θ to the x axis.

z

y
φ

λ

1
c

Figure 2.3: The circular-arc corrugation profile.

Therefore, the total curvature is given as follows:

∆κ = k − k0 + c− c0 k =
1

2
k

 1 + cos 2θ
1− cos 2θ
− sin 2θ

 c =

 0
c(y)
0

 (2.11)

where k0 and c0 are initial values. Note, again, that α is a function of the corrugations, i.e. a
function of c.

2.5 Corrugation profile

Our prototype shells were constructed with circular-arc corrugations which repeat every wave-
length λ (see Fig. 2.3). In addition to being the simply made, this profile is expeditious in
theoretical analysis, since the corrugation curvature c then has constant magnitude across the
corrugations, swapping direction every half-wavelength. In other words, the initial corrugation
curvature c0(y) is

c0(y) = ±c0 (2.12)

where c0 is a constant.
The deformed local curvature may not be uniform, but we make the simplifying assumption

that, while the corrugations may be flattened out, they remain as circular arcs. We assume also
that the λ does not change, i.e. the curvature c(y) is always in phase with the initial curvature
c0(y). Thus, the corrugation curvature is always a simple multiple of the initial corrugation
curvature, denoted by the coefficient β:

c(y) = βc0(y) = ±βc0 (2.13)

The initial corrugated shell has β = 1, and once the corrugations have been flattened and the
sheet coils up, β = 0.
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2.6 Limitations of the analysis

The Mode I and Mode III analyses have a prestress moment which is entirely composed of a
bending stress in the local sheet. In a corrugated sheet, there can also be a bending stress
which is due to strains in the shell, but this, if it is present when the sheet is globally flat,
implies that the sheet is not developable, and the corrugations can not therefore be flattened
out. This form of bending stress can be present in the Mode II analysis since it does not require
the corrugations to be able to flatten out.

The β model of corrugation flattening described in Section 2.5 is very simplistic: the cor-
rugations are likely to flatten in some more complex fashion. Therefore, our results should
give an upper bound on the moment at which the shell buckles. Also, note that edge effects
are neglected throughout, on the assumption that they do not have a significant effect on the
bulk behaviour. This seems to be valid, since the predicted behaviour matches the observed
behaviour.

3 Analytical model behaviour

The curvature defined in Eqn 2.11 has three terms that may be varied: global curvature mag-
nitude k; global curvature direction θ; and the function describing corrugation curvature, c(y).
This section considers the variation of:

(i) k and c(y), with θ held at 0◦, to describe the coiling Mode I bistability;

(ii) k and θ, for the twisting Mode II bistability, where the corrugations do not flatten signif-
icantly;

(iii) and k, θ and c(y), as the a tristable model (Mode III), to determine stability conclusively,
i.e. whether or not the stable points found in previous models are still stable when all
other modes of deformation are present.

3.1 Mode I: Coiling bistability

The global curvature of the shell is along the corrugations, in the direction in which stiffness
is increased by αD, so θ = 0. Also, the initial state is chosen to be globally flat, with some
prestress moment Mxx0, i.e. a prestress in the direction of the corrugations. This prestress
is equivalent to having some externally applied moment. This initial state is undeformed, so
there are no internal membrane stresses; it cannot, therefore, be in equilibrium with the bending
prestress, although we expect to see an equilibrium solution very close to it.

Substituting the curvatures and prestress moments into Eqn 2.9 gives the strain energy
density equation

U = Mk +
1

2
D

{
(1 + α)k2 + 2νk(1− β)c0 + [(1− β)c0]

2} (3.1)

This must be integrated over the entire sheet, but can be simplified. The sheet is assumed
to be uniform, and hence to find the average energy density, we integrate Eqn 3.1 over one
corrugation wavelength in the y direction to find its average. No integration in the x direction
is needed, since the curvatures do not vary along the corrugations. The average curvature of
the shell in the y direction is the integral of c(y) over one wavelength λ, divided by λ. Since,
in the initial state, the sheet has no global curvature in the y direction,

1

λ

∫ λ

0

c(y)dy = 0 (3.2)
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Both the Mk and the k2(1 + α) terms in Eqn 3.1 are constant over the shell; where the
spatially-constant value 2νk is multiplied by c, since, according to Eqn 3.2, c averages to zero,
this term vanishes. As β is assumed to not vary over the sheet, nor does (1−β)2, and thus the
average strain energy density U is revealed as

U = Mk +
1

2
D

[
(1 + α)k2 +

(1− β)2

λ

∫ λ

0

c0
2(y)dy

]
(3.3)

From the corrugation profile described in Section 2.5, the integral within Eqn 3.3 comes simply
to λc2

0. Dimensionless variables are introduced:

ĉ0 = c0t k̂ =
k

c0

M̂ = − M

Dc0

Û =
U

1
2
Dc2

0

(3.4)

The minus in the dimensionless group for moment is required, for the prestress appears in
the equations as the moment being applied to flatten the sheet from its coiled state, which is
then ‘locked in’ by the forming of the corrugations. Therefore, this prestress is in the opposite
sense to the resulting curvatures. This is the natural form for the equations, since the prestress
moment, M 0, has, when positive, the same sense as the moments induced by positive changes
in curvature. However, since we are considering equilibrium and neglecting dynamic effects,
it is equally valid to look instead at the equal and opposite stresses within the shell which
resist this prestress: in fact, this is more intuitive when understanding the shell, since these
stresses are in the same direction as the motion they cause. Thus, by introducing the minus
sign, moment-displacement plots such as Fig. 3.11 show positive stiffness when the structure is
stable.

The dimensionless energy equation now reduces to

Û = k̂2(1 + α) + (β − 1)2 − 2M̂k̂ (3.5)

In order to calculate α as a function of β, consider each element of length dy and thickness
t to be a distance a from the centreplane of the corrugations, so that

αD =
1

λ

∫ λ

0

Ea2tdy (3.6)

This integral is soluble, giving

α(β) =
12(1− ν2)

ĉ0
2

[
1 +

1

2
cos(βφ0)−

3

2βφ0

sin(βφ0)

]
(3.7)

dα

dβ
=

12(1− ν2)

ĉ0
2

[
3

2φ0β2
sin(βφ0)−

3

2β
cos(βφ0)−

φ0

2
sin(βφ0)

]
(3.8)

which can be substituted back into Eqn 3.5. Equilibria are formally obtained by setting
dÛ/dk̂ = dÛ/dβ = 0, giving the following expressions for the equilibrium values, denoted
by the subscript ‘E’: βE is not given explicitly because there is no simple inversion of Eqns 3.7
and 3.8

k̂E =
M̂

1 + αE

(3.9)

ÛE = (βE − 1)2 − M̂2

1 + αE

(3.10)

M̂ = (1 + αE)

√
2(1− βE)

[
dβ

dα

]
E

(3.11)
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Corrugation flattening 1 − β
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Figure 3.1: Equilibrium plot of moment M̂ against corrugation flattening 1 − β at ĉ0 =
6.25 × 10−3. The gradient of the equilibrium curve is the stiffness of the shell in flattening,
so positive gradient = positive stiffness (stable) and negative gradient = unstable. A given
prestressed shell has a constant M̂ (in this example, 5). Where the line of constant M̂ crosses
the equilibrium curve, there is an equilibrium point. Below φ0 = 14◦, the unstable region
vanishes and the structure becomes monostable. Also labelled is the maximum moment that
CuBe alloy can provide, M̂P; note that bistability is possible for moments well below it.

Equation 3.11 can be inverted to give βE in terms of M̂ by expanding the trigonometric terms
in α(β) into integer series, in which series the lowest-order terms cancel to zero and higher-order
terms become negligible.

The equilibrium point found in Eqn 3.9 must be stable in k, as d2Û/dk̂2 = 2(1 + α) > 0
for all shapes, but it might not be stable in β. This stability can be determined graphically
from the moment-displacement plots, where a positive gradient equates to positive stiffness
and stability but a negative gradient equates to negative stiffness and instability. With Eqns
3.7-3.11, we can now describe the behaviour of the global and local curvature of the sheet under
any moment M̂ .

Figure 3.1 plots Eqn 3.11, showing the equilibrium prestress moment M̂ related to the
corrugation curvature β, for ĉ0 = 6.25 × 10−3, which is chosen to match the physical shells
where ĉ0 = 50 m−1 and t = 0.125 mm. The gradient is the flattening stiffness of the shell in
response to an applied moment; in this case, this moment is applied by the prestress, and is
therefore fixed for a given shell. There are two regions of positive gradient, i.e. positive stiffness,
and one region between of negative stiffness.

Given that M̂ is fixed for a specific shell, that shell is in equilibrium where the line of
constant M̂ crosses the equilibrium curve, as given in example in Fig. 3.11 for an arbitrary
M̂ = 2. We find that, for a range of values of M̂ for φ0 > 0.25, there are three equilibrium
solutions for a given moment. Two of these lie on regions of positive gradient and are therefore
stable; the point in between has negative stiffness, and hence is unstable. Overall, then, these
shells are bistable above a certain corrugation depth, and for a range of moments. If the
prestress moment is too low, there is no stable coiled mode, at low β; if the prestress is too
high, there will be no stable corrugated mode, at high β. In addition, as φ0 becomes small, the
corrugations tend to a flat sheet, which is not bistable.

Figure 3.2 shows the same data but plots M̂ against global curvature k̂. This is the moment-
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Dimensionless global curvature k̂
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Figure 3.2: Log-log equilibrium plot of moment M̂ against global curvature k̂ at ĉ0 = 6.25×
10−3. Again, a given shell has a constant moment M̂ , and the equilibrium points for the shell are
where the constant-M̂ line crosses the equilibrium curve. This shows clearly the linear-elastic
nature of the stable regimes, with the second stable state corresponding to the linear stiffness
of an uncorrugated sheet. Also labelled is the maximum moment that CuBe alloy can provide,
M̂P; note that bistability occurs at moments well below it.

curvature response of the shell, and its gradient is the bending stiffness of the shell. It can be
seen that the corrugated stable form has very low global curvature. In the coiled mode, the
moment-curvature relationship becomes linear with gradient D, or unity in our dimensionless
form. In relation to a physical shell, it is important to ask whether this behaviour can be
achieved within the elastic limits of the material. The precise nature of the internal stresses
that produce the moment is determined by the forming process history, but the maximum
moment that the material can take is the fully plastic moment,

MP =
1

4
σYt2 (3.12)

whose dimensionless magnitude is

|M̂P| =
MP

Dc0

=
σY

E
�
3(1− ν2)

ĉ0

(3.13)

For Copper-Beryllium alloy, the yield stress, σY = 1200 MPa, and Young’s modulus, E =
131 GPa, giving a dimensionless plastic moment M̂P ' 4. Figs 3.1 and 3.2 show that, for
relevant values of φ0, bistability is possible with moments less than M̂P.

For bistable shells, if the shell is held such that it is half coiled and half corrugated, one of
these states may have lower energy, in which case the transition region between them will move
to the opposite end and the shell will globally take on the lower energy state. Fig. 3.3 shows the
variation with β of the internal strain energy, relative to the strain energy at the initial state,
for a range of moments at φ0 = 29◦; note that the lower energy state is the corrugated state at
low moment, but the coiled state at high moment. There is, therefore, one moment at which
both states have approximately the same energy, and therefore any half-transformed shell will
rest without becoming fully corrugated or fully coiled: it is ‘neutrally stable’, with no energy
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Figure 3.3: Plot of energy density relative to the initial state, Û , against corrugation flattening
1− β at ĉ0 = 6.25× 10−3 and φ0 = 57◦ for various moments M̂ . A large section of the Û axis
has been cut out so as to give detail around Û = 0 whilst showing features down to Û = −100.
At higher M̂ , the coiled mode (β small) is lower-energy; at lower M̂ , the corrugated mode is
lower-energy. For very large or small M̂ , the bistability vanishes.

gradient in either direction. In Fig. 3.3, this occurs when M̂ = 0.88. It is reasonable that
negative values of Û appear on Fig. 3.3, since the initial state of the sheet is not unstressed.

In summary, Fig. 3.4 shows the bistable region in β-φ space. A simple algorithm produced
the M̂ -β curve for each combination of ĉ0 and φ0, and determined that that state was bistable
if this curve had some local maximum and minimum that were not at β = 0 and β = 1. This
provides a general design guide for the bistable shells.

3.2 Mode II: Twisting bistability

The shell has a prestress moment in the x direction as before. However, the corrugations are
not permitted to flatten or buckle, i.e. β = 1 at all times, but the global curvature is now no
longer constrained to be in the x direction, i.e. θ is allowed to vary.

Several specimens intended to display Mode I were also displaying Mode II. Observing this,
it became obvious that, once the corrugated shell is given its prestress, a curvature across the
corrugations appears, caused by the plastic forming process. This curvature is unstable in θ,
snapping to one of the two twisted modes. Therefore, in our attempt to model this bistability,
we predicate a prestress moment Mxx0 and an initial non-zero curvature k0 for θ0 = 90◦,
i.e. across the corrugations.

Considerations of plasticity and the maximum moment permitted by the material are not
relevant to this model since, first, the profile of the corrugations is irrelevant except in that they
increase the stiffness by a factor α and, second, since the corrugations need not be flattened
out, the sheet is not constrained to be developable; this means that the prestress moment can
consist not only of a shell bending moment but also of shell strains.

It is now convenient to make variables dimensionless against the initial curvature k0 rather

13
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Figure 3.4: As Figs 3.1-3.2 show, when the corrugations are too small (i.e. the curvature ĉ0 is
too tight or the subtended angle φ0 is too small) bistability is not possible.

than c0. To contrast with Section 3.1, these are denoted by ‘̌ ’:

ǩ =
k

k0

M̌ = − M

Dk0

Ǔ =
U

1
2
Dk2

0

(3.14)

Equation 2.9 then becomes

Ǔ = ǩ2
[
1 +

α

8
(3 + 4 cos 2θ + cos 4θ)

]
+ ǩ [(1− ν) cos 2θ − (1 + ν)] + 1− M̌ǩ(1 + cos 2θ)

(3.15)

Equilibrium configurations are given by dǓ/dθ = 0 and dǓ/dǩ = 0, and solutions are obtained
in closed form as follows. Stability is separately assessed and recorded:

(i) ǩE = 0, cos 2θE = (1 + ν + M̌)(1− ν − M̌)−1. This only exists for M̌ < −ν, and is never
a stable solution;

(ii) ǩE = 1, θE = 90◦. This is the initial state, is always an equilibrium point, and is only
stable when M̌ < 1− ν;

(iii) ǩE = 1, cos 2θE = 2
(
M̌ + ν − 1

)
α−1 − 1. This solution only exists for 1 − ν < M̌ <

α + 1− ν, and is always stable. Note that since ‘cos 2θ’ is a symmetric function, there is
a symmetric pair of stable solutions;

(iv) ǩE = (M̌ + ν)(α + 1)−1, θE = 0. This is always an equilibrium point, but is only stable
when M̌ > α + 1− ν.

Henceforth, the values of ǩ and θ at stable equilibrium points are referred to as ǩM and θM,
where the subscript ‘M’ denotes a value at a local energy minimum.

A contour plot of stored energy yields this information more intuitively. Stable equilibrium
points are then evident as minima, and unstable equilibrium points appear as either maxima or
saddle points. The two independent variables controlling the shape of the sheet are curvature
magnitude and direction, and so a polar plot makes the most sense, as adopted by Kebadze &

14
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al.[2]. Figure 3.5a shows the plot coordinates: the distance from the origin denotes tightness of
curvature ǩ (so at the origin, the sheet is flat), while the angle on the plot denotes 2θ, rather
than θ, since curvature repeats every 180◦.

From the enumerated solutions above, there are three distinct modes of behaviour in which
the stable points are located by different expressions. The bistable mode is found as solution
(iii), where M̌ lies in the range

1− ν < M̌ < α + 1− ν (3.16)

and only this range of prestress moments will provide bistability. For smaller or negative
prestresses, there is just one stable point, at θ = 0, which is solution (ii), the initial state. For
larger prestresses, the sole stable point is at θ = 90◦, which is solution (iv). Both of these
solutions are present as saddle points on a bistable sheet. Fig. 3.5 shows all of this behaviour,
giving contour plots of internal strain energy for a variety of prestress moments.

We have shown that the observed twisting behaviour can arise from the interaction between
an initial curvature across the corrugations and a prestress moment along them. Equally, this
can be seen as the result of two conflicting prestresses, and only arises when one prestress is
not too much greater than the other; producing a two-dimensional prestress moment (Mxx 6= 0,
Myy 6= 0, Mxy = 0) with k0 = 0 gives the same behaviour. Without the corrugations (i.e. in
isotropic shells, α = 0), the range in Eqn 3.16 vanishes, θM becomes indeterminate and the
twisting bistability becomes impossible to create. Note also that, once α has been calculated,
this behaviour is completely independent of the corrugation profile, and for a constant α,
triangular, sinusoidal, circular-arc or any other corrugation shape will behave identically. This
is not true of the coiling bistability.

The final success of this model lies in its confirmation that the twisting bistability occurs
when, due to plastic flow effects in manufacture, the shell acquires an unintended curvature
across the corrugations. By plastically working this curvature out of the shell, the twisting
modes can be eradicated.

3.3 Mode III: Tristability

Allowing κ, θ and β to vary simultaneously provides a full model of the behaviour of the shells.
The resulting model is more complex, but it captures the tristable behaviour of the combined
Mode I and Mode II bistabilities. Rather than solving the equilibrium equations, we will plot
the variation of stored energy with the three independent variables, using the dimensionless
groups from Mode I. The resulting expression for Û can be verified as

Û = k̂2

[
1 +

1

8
α (3 + 4 cos 2θ + cos 4θ)

]
+ k̂k̂0 [(1− ν) cos 2θ − (1 + ν)] + k̂2

0

+ (β − 1)2 − M̂k̂(1 + cos 2θ) (3.17)

Graphically representing the variation of energy with three variables requires care. In the
contour plots of Section 3.2, each point corresponds to a unique shape in two variables (k̂, θ)
which has a strain energy density. Adjacent points of identical strain energy density can be
joined together to produce a contour line of constant Û . Each contour line, in Fig. 3.5, encloses
a region of higher or lower energy than that contour, and therefore must enclose at least one
maximum or minimum.

For three independent variables, the strain energy occupies a three-dimensional space, as
shown in Fig. 3.6. The horizontal axes are the same as in Fig. 3.5, but there is also a vertical
axis, representing corrugation amplitude β relative to the initial corrugation amplitude. Again,
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ǩ = 1
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(c) Intermediate moments; two stable
states at ǩM = 1, at angle ±θM given
by cos 2θM = 2(M̌ −1+ν)α−1−1. Here,
M̌ = 5, α = 10. There are saddle points
on θ = 90◦ (at ǩ = 1) and on θ = 0.
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(d) M̌ has here been increased to 15,
and bistability disappears. Now, θM = 0,
ǩM > 1.

Figure 3.5: Energy-density contours for the two-dimensional model. Fig. 3.5a gives the (κ, 2θ)
polar grid definition for these plots. Contours are of energy Ǔ relative to the point θ = 90◦,
k̂ = 1, which is stressed, and therefore negative values are possible. ν = 0.3 throughout. α = 10
corresponds to φ = 15◦, and α = 145 to φ = 30◦. Crosses denote stable points (minima). Note
that the Ǔ = 0 contour crossing its own path in Figs 3.5c and 3.5d denotes a saddle point.
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(a) The bistable Mode I, demonstrating that the stable points are also stable in θ. Both are
located in the k̂ cos 2θ-β plane, as shown by the end-on view (right). k̂0 = 0, φ0 = 29◦

(b) A tristable shell. The coiled shape (β ∼ 0) is lower-energy. k̂0 = 0.2, φ0 = 29◦

(c) This demonstrates the value of the tristable model. The second model predicts this
shell to be bistable (the plane β = 1 matches Fig. 3.5c, with ‘stable’ points marked by
open circles), but this plot shows those points to be unstable in β for these circular-arc
corrugations; the shell is monostable. k̂0 = 0.2, φ0 = 14◦, M̂ = 1

Figure 3.6: 3-D energy isosurfaces for the ‘combined’ model. The coordinates are cylindrical
polar: radius represents k̂, angle represents 2θ and height β. Any point represents a global
shape of the corrugated sheet. At this point, there is a certain value of internal strain energy
density, and the surfaces on these plots are surfaces of constant energy. Filled black circles
denote stable points. Darker surfaces are isosurfaces of lower energy. ĉ0 = 6.25 × 10−3 and
M̂ = 1 throughout.
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each point corresponds to a unique shape and has an associated energy. However, when points
of identical Û are joined up, they now form a surface rather than a line, and that surface, again,
encloses at least one maximum or a minimum. These surfaces are ‘isosurfaces’, i.e. surfaces over
which the energy is constant. If a slice is taken through one of these plots, then a conventional
contour plot results; if that slice is horizontal, the plots in Fig. 3.5 are produced.

Three stable states do appear, each contained within an isosurface of low energy, and they
are where we would expect to find them from the previous models. The previous models
can therefore be expected to describe, qualitatively at least, the behaviour of tristable shells.
Producing quantitative descriptions of the number and location of stable points for this three-
dimensional model is complex. Most importantly, Fig. 3.6c demonstrates that a structure which
appears to be bistable following the second elastic model can in fact be monostable when all
three degrees of freedom are considered. This is a limitation only of the Mode II model, since
the Mode I shell does not have the cross-corrugation curvature necessary for twisting bistability.

4 Conclusions and future work

Uniform corrugated shells can be manufactured which are bistable in either or both of two
modes: a corrugated sheet coils up when the corrugations are flattened, and a corrugated sheet
which, in addition to curvatures along and perpendicular to the corrugations, has a ‘twist’ which
is stable at both its positive and negative value. When these modes are combined in one shell,
that shell is tristable. In both modes, multistability arises due to a ‘prestress’, i.e. a residual
bending moment in the shell in the initial corrugated state which interacts with nonlinear
changes in geometry.

We have delivered an elastic model, which evaluates the strain energy density of the shell as
the shape is changed, in order to determine the stable shapes. Despite very simple assumptions
of internal stresses, we have produced non-trivial results which reproduced a number of details
of the behaviour of the prototypes. Furthermore, having produced these models, they have
been sufficiently useful to guide our construction of prototypes, teaching us how to build in or
eradicate specific modes of behaviour, and how to tailor the properties of the shells to suit the
situation for which they are intended, which is one goal of shell-structure engineering.

References

[1] Dano, M.-L., and Hyer, M. W. Thermally-induced deformation behavior of unsymmetric
laminates. International Journal of Solids and Structures 35, 17 (June 1998), 2101–2120.

[2] Kebadze, E., Guest, S. D., and Pellegrino, S. Bistable prestressed shell structures. Inter-
national Journal of Solids and Structures 41, 11-12 (June 2004), 2801–2820.

[3] Guest, S. D., and Pellegrino, S. Analytical models for bistable cylindrical shells. Proceedings
of the Royal Society A: Mathematical, Physical and Engineering Sciences 462, 2067 (Mar.
2006), 839–854.

[4] Calladine, C. R. Theory of Shell Structures. Cambridge University Press, 1983. ISBN
0521238358.

18


	Abstract
	1 Introduction
	1.1 Motivation and background
	1.2 Approach to manufacture and analysis

	2 Theoretical analysis
	2.1 Curvature
	2.2 Stiffness
	2.3 Energy
	2.4 Combining the local and global scales
	2.5 Corrugation profile
	2.6 Limitations

	3 Analytical model behaviour
	3.1 Mode I: Coiling bistability
	3.2 Mode II: Twisting bistability
	3.3 Mode III: Tristability

	4 Conclusions and future work
	References

